
N O T A T I O N  

d, thickness of the p iezoceramic  cell, mm; C, veloci ty of sound in the ceramic ,  km/sec;  At, t ime reso lv -  
ing power of the t ransducer ,  #sec; and Kf, t r ansmiss ion  coefficient of the solder  film. 
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ANALYTICAL METHOD OF CALCULATING THERMAL 

AND THEIR EFFECT ON EMISSION IN SOLID-STATE 

LASER WITH NATURAL COOLING 

G. N. Dul'nev, B. A. Ermakov, 
and S. I. Khankov 

P R O C E S S E S  

UDC 621. 373.8.536.242 

Analytical expressions are  derived for  calculating the change in energy charac te r i s t i cs  of a 
sol ld-state  l ase r  with natural  cooling due to heating and thermal  deformation of the active 
medium. 

The intense heat generation in components of a sol id-s tate  l ase r  and the significant effect of thermal  
p rocesses  on the emission [1, 2] call for their  special analysis .  Most studies made till recent ly  dealt only 
with thermal  p rocesses  in l a se r s  with forced cooling. The interaction of emiss ion p rocesses  with thermal  
p roces se s  is most  complex in l a se r s  with natural cooling [4, 5], but this case has not been studied sufficiently. 
Meanwhile, thermal  p roces se s  are  most  pronounced in such lasers  and have here  a definite effect on the emis -  
sion. 

Operation of a laser with natural cooling is characterized by a relatively low intensity of heat transfer 
and, as a consequence, a long transient period. This causes the emission characteristics of the laser to 
change continuously from pulse to pulse, until either a thermal steady state or cutoff of emission is reached. 
The more important laser characteristics in this case are the limiting pulse repetition rate fl at which the 
laser can operate in the steady state without emission cutoff and the limiting operation time before emission 
cutoff 7/, the latter depending on the repetition rate. These parameters must be estimated for predicting the 

Translated from Inzhenerno-Fizlcheskii Zhurnal, Vol. 42, No. 2, pp. 307-313, February, 1982. Original 
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laser performance characteristics and this calls for analytical methods of calculation. Here will be estab- 
lished analytical relations for the emission energy of a laser operating under transient thermal conditions 
whereupon simplified expressions will be derived for the limiting repetition rate and operation time. Most 
thoroughly, moreover, will be treated the peculiarities of laser operation in the ease of four-level low-threshold 
active media. 

In order to calculate the change in laser emission energy due to thermal processes in the general case, 
it is necessary to determine the temperature field in the active medium and to establish the temperature de- 
pendence of the gain, then calculate the gain distribution over a section of the active medium and also deter- 
mine the losses in the resonator resulting from the particular temperature distribution over a section of the 
active medium. For a derivation of analytical expressions, the pattern of thermal processes must be greatly 
simplified already in the mathematical formulation of the problem on each step of calculations. 

As a basic assumption greatly simplifying the calculations, we let the temperature drops over a section 
of the active medium be negligible in comparison with the temperature level in the active medium, this assump- 
tion having been found valid in preliminary studies [4, 5]. With such an assumption, the problem reduces to 
determining the mean-volume temperature of the active medium, the temperature dependence of the gain, and 
the mode as well as the magaitude of thermal deformation of the active medium, with a subsequent determination 
of losses in the resonator. On the basis of an earlier analysis of the temperature field [5], it has been demon- 
strated that the latter influences the laser performance by affecting the properties of the resonator through two 
mutually independent modes of thermal deformation: wedgewlse and spherical. The former mode occurs due 
to asymmetry of the heat transfer at the lateral surface of the active medium (heat coming from the hot bulb 
of the pump lamp) and the latter mode is due to internal sources of heat generation. In the absence of a fluid 
forced-coollng medium there will be found a predominant wedgewise thermal deformation and only a slight 
spherical deformation. 

As a result, the well-known expression for the emission energy of a solld-state pulse laser [i] can be 
modified to include the effect of thermal processes on the emission 

E = h~_v gKr K0 [~%2 (P)] - -  Kto - -  c% [13 (P)] , (1) 
G Kt 0 + ~,r [6 (P)] 

w h e r e  /'(to = (z0 @/(r; Kr -- 1 In 1 .  
2L r 

Re la t ion  (1) ind ica tes  tha t  the p r o b l e m  of ca lcu la t ing  the l a s e r  e m i s s i o n  e n e r g y  r educes ,  in the s impl i f i ed  
fo rmula t ion ,  to de t e rmin ing  the f o r m  of funct ions  d2(P) and/3 (p) as wel l  as K0(d 2) and C~T(/3 ). 

1. The  r e l a t ions  fo r  the m e a n - v o l u m e  t e m p e r a t u r e s  of the opt ical  components ,  v iz . ,  the pump lamp (#0, 
the  ac t ive  med ium  (#2), and the  Iumlna i r e  (~3) have  been  de r i ved  f r o m  the solut ion to a s y s t e m  of t h r e e  d i f f e r -  
ent ia l  equat ions  d e s c r i b i n g  the heat  t r a n s f e r  f r o m  a heat  sou rce  to t h r e e  bodies  [6] 

~ t =  (Pt~,3 +ff~)  [ 1 - e x p ( - m t r ) ] '  

1 ( P~ + s2~, + 0~){1- -exp  [--(1 + s2) m2T]}, (2) 

6~ = P~ -b (Pi + P~)[1 - -  exp (--  m~)l [1 - -  exp (-- nm3~)l, 
0.3c ~ 

w h e r e  

~i3 0"g3 0.13 -~ 0*23 0"3C m 1 = ~ ;  m~-- ; m z =  ; m a = - -  ; 
c, C~ C, + C~ C3 

s 2 =  0.i~ ; n =  l+•  •  cq,+0.2~ 
0*23 0.3e 

An analytical expression for the temperature ~r of the active medium can be obtained by insertion of the 
values of ~i and ~3 into the expression for ~2, viz., 

Pi 1 P2 + s2 [ 1 - - e x p ( - - m i x ) l + [ l + s 2 ( l - - e x p ( - - m ( r ) ) ] •  
a}~ -- 1 @ s2 ~2a 0.i3 
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Pa + (Pl + P~) [1 - -  exp ( - -  m~T)l [l__ex p (_nma.c)l}i{ l _ e x p [ _ (  1 +s2)m2~]}. (3) 
X ~scn J 

2. The  magni tude  of wedgewise  t h e r m a l  d e f o r m a t i o n  (equivalent  opt ica l  wedge  fi in the r e s o n a t o r )  can 
be ca lcu la t ed  a c c o r d i n g  to the  e x p r e s s i o n  [7] 

[3= W At% h 6 - -  So P~ {[1--  exp ( - -  m~z)] + 
s 1 + So + s~ o'i3 

+ f21 [exp ( - -  mix ) - -  exp (--m~z)] + ~Q~ [1 - -  exp (--_m~x)]}, (4) 

w h e r e  
~ , =  .3 ( l - - s , ) (So+2S, )  ( l -I-b);  b =  ] / ( m ~ - - I I ;  ,so-- a,, 

(so + 3s2)(so + 4) + SoS 2 ] \ r n 2 ! ,  ~.L 

- 12 (1 + so + s~) 1 - - s z  a,3 P2 2R 
/ 7 ~ 2 - -  S2t~,z; ~ o . - -  - -  " E :  

(So + 3s~)(so + 4) + SoS 2 2s2 o~ P, L 

3. The  t e m p e r a t u r e  dependence  of the gain in a f o u r - l e v e l  ac t ive  m e d i u m  can  be ob ta ined  f r o m  the so lu -  
t ion to the  s y s t e m  of s t e a d y - s t a t e  k ine t ic  equat ions  d e s c r i b i n g  the d i s t r ibu t ion  of exc i t ed  e l e c t r o n s  o v e r  e n e r g y  
l eve l s  [1, 8], v iz . ,  

Ko = aWp - -  %,  (5) 

w h e r e  
a = ao/(1 + "hba~); ao : ~h~GNom; ra = U p B p / W p ;  

"h = ~]A~i/A32; at  = GNobr2; bij = d i f l d ~  = exp ( - - A E ~ f l k T ) .  

The  t e m p e r a t u r e  dependence  of the  gain  Ko(82) in m e d i a  wi th  a u n i f o r m l y  widened  l u m i n e s c e n c e  l ine is 
not only  a consequence  of the fact  that  the B o l t z m a n n  coef f i c i en t s  b34 and b12 i n c r e a s e  wi th  i n c r e a s i n g  t e m p e r a -  
t u r e  but a l so  a r e su l t  of  the t h e r m a l  widening  of the  l u m i n e s c e n c e  l ine and the a t tendant  d e c r e a s e  of the c r o s s  
sec t ion  C fo r  e m i s s i o n .  The  m e c h a n i s m  by which  the l u m i n e s c e n c e  l ine of  c r y s t a l l i n e  m e d i a  is  widened  m a k e s  
the ha l f -wid th  Av of th is  l ine l i n e a r l y  dependent  on the t e m p e r a t u r e  [8], which  p e r m i t s  use  to r e p r e s e n t  the  
Av (82) r e l a t i on  in the f o r m  Av =AVo(1 +~'~2), wi th  ~ = ( 1 / A V o ) ( O A v / 0 8 ) .  Cons ide r ing  tha t  G is  i n v e r s e l y  p r o p o r -  
t iona l  to Av [8], one can e a s i l y  obta in  an e x p r e s s i o n  f o r  G(~2) in the  f o r m  G=Go/ (1  + ~ 2 ) ,  wi th  Av 0 and G o de -  
not ing the  v a l u e s  of  Av and G at 82 =0.  In view of th is ,  the r e l a t i on  Ko(82) b e c o m e s  

1 ( ao ) 
K o -  1 ' ~ W p - - G o N o b i 2  . (6) 

T ~ ~ 1 + ~ib3~ 

This  e x p r e s s i o n  can  be used ,  spec i f i ca l ly ,  f o r  e s t i m a t i n g  the  mmximum e m i s s i o n  t e m p e r a t u r e .  I n s e r t i n g  e x -  
p r e s s i o n  (6) into the t h r e s h o l d  condi t ion K 0 - K  t = 0, w h e r e  K t =Kt0 + a T ,  we  obtain 

aoWp - -  (1 + 7,b3~)[(Kt0 + aT) (1 + ~'#2) + Oo~q0b,~] = 0. (7) 

The  t h r e s h o l d  condi t ion (7) y ie lds  the t e m p e r a t u r e  80 of e m i s s i o n  cutoff  o r  the  magn i tude  of wedgewise  t h e r m a l  
d e f o r m a t i o n  rio at which cutoff  o c c u r s  in s o m e  spec i a l  c a s e s .  

1) Kt =Kto+aT<<GoN0612, and ~ = 0. Such condi t ions  can be r e a l i z e d  in m e d i a  wi th  an i n c r e a s e d  concen -  
t r a t i o n  N o o r  a nonun i fo rmly  widened  l u m i n e s c e n c e  l ine  ~ = 0, a l so  at low r e s o n a t o r  l o s s e s  a T .  E m i s s i o n  cutoff  
is  d e t e r m i n e d  by the t e m p e r a t u r e  of  the ac t ive  m e d i u m  

hE,2 Ai----- 
kTo 

Oo = To b A, ' 

k 

2) Kt >> GoN0b12. 

GoNo (8) 
A l = l n  aoWp _ K p  ; 

When Kt0>> aT ( - - ~  [3 << Kt0 ,, then  with  Tlb34>> ~8 2 (~ =0) we have  

AEa~ A2 
kTo  

~o = To 
A2 

A 2 = In ?' , (9) 
aWp 1 

K..to 
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and with 71ba4<< ~ 2  (usually in media  with a uni formly  widened luminescence  line and where  emiss ion  cutoff 
occurs  at a re la t ive ly  low t empera tu re )  we have 

1 aoWp 1) ; 
Oo = T ( Kto 

~ T  

, and 71ba~ << Kto ( &% ~ t 3) When Kto ~c% / , - - -0~l j~  K t o _ _  , , ~ = 0 

wise  t h e r m a l  deformat ion  of the magnitude 

~o = aoWp - -  I(to 
OaT 

(lo) 

- -  , then emiss ion  cutoff occurs  due to a wedge-  

(11) 

4. The gain in a t h r e e - l e v e l  medium,  de te rmined  f r o m  the solution to the s y s t e m  of kinetic equations, is 

1 aWp - -  GoNo 
K o -  

a (1 + 02.-) We 1 -b ~Oz 1 + 
(12) 

where  

a m 
ao Aai 

- -  ; ao = *h~GoNom; " ~ 2 = 1 1 - -  
1 + "~b2a A2{ 

The threshold condition for a three-level medium 

aoWp --  ( l + y~b23) GoNo--(l +~?~)[ ( l + ?~b~a)-}-~o~ ( l + b~a) Wp ](Kto +czr ) :0  

yields express ions  for  the t e m p e r a t u r e  of emis s ion  cutoff: 

1) in media  with a uni formly  widened line ~ =0 and with ~T<<Kt0 

AE~a A Y2 -? Kto ao g~ 
kTo A = In GoNo q- Kto GoNo ; 

~o = To 
A . ao GoNo--Kto W e -  1 

GoNo GoNo +/(to 

2) when Y2b23<<~vQ 2 and C~T<<Kt0 

[ - .1  l 1 G o N o  GoNo - -  1 ; 
~ o = - ~ -  Kt ~ ao Wp q- 1 

GoNo 

3) when Kt0<<CeT, ~2<<1, and y~b23<<l , however ,  then emiss ion  cutoff is de te rmined  by the wedgewise 
t h e r m a l  deformat ion  

I ao ] /(to GoNo GoNo Wp - -  1 
= - -  I . 

~o ~ [(to a~ W p +  1 
O~ GoNo 

(13) 

(14) 

(15) 

5. The r e sona to r  los ses  produced by misa l ignment  due to wedgewise t h e r m a l  deformat ion  can be e i ther  
calculated or  de te rmined  exper imenta l ly  [9, 10]. According to exper imenta l  data per ta in ing  to a r e sona to r  
f o rmed  by p l a n e - p a r a l l e l  m i r r o r s ,  the C~T(fi) re la t ion is a d i rec t  p ropor t ion  over  a wide range of fi (up to 5') 
so that one can let ~ C~T/aP =const  for  p rac t i ca l  calculat ions.  

6. On the bas i s  of the obtained resu l t s ,  the express ion  for  the l a s e r  emis s ion  ene rgy  (1) at eve ry  instant 
of t ime  f r o m t h e  beginning of per iodic  opera t ion without fo rced  cooling will be in the case  of a four - leve l  active 
medium 

{ ao 1 E : h_vv Vkr AEa~ We - -  
Go I + ?~ exp [ k(To + a?~(Wp, f, T)) 
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hE,2 + bff~ (Wp, f, ~) ] __ [1 + ~t~ (Wp, /r ~)1 • 
--GoNoexp - -  k (To+t~(Wp,  f, ~)) 

&% ^ 0% ~ ~)]-' (16) 
with dz(W P, f, r ) ,  fi(Wp, f, r) de te rmined  f r o m  expres s ions  (3)-(4) and W p f = P .  

One can analyze the dependence of the l a s e r  p e r f o r m a n c e  during the t r ans ien t  t h e r m a l  s ta te  on var ious  
p a r a m e t e r s  with the aid of re la t ions  (16), (3), and (4), but for  p r ac t i ca l  e s t ima te s  in many  eases  it is sufficient 
to de te rmine  the l imit ing repet i t ion ra te  fl and the l imit ing opera t ion  t ime  r l. Using the expres s ions  for  ~0 
or  rio, one can e s t ima te  the l imit ing pulse repet i t ion ra te  fl beyond which emis s ion  cutoff will  occur  o r  the 
steady t h e r m a l  s tate  will be reached  as well  as the l imit ing opera t ion  t ime  r l t i l l  cutoff, both functions of f 

~2 _~ 0"t2 ~ |  )--I, 
fl 1 0..,.a ~ C A  ~ofl, (18) 

TZlt}l z -- : z2m.z % z2Wpf 

and Wp, in the case  of s h o r t - t i m e  duty (high f requency f). 

When Kt0 >>aT, then 

~o ~ (•247215247215 § 
Wp \ o'ac 

where  ~ = 1 yields an es t imate  of r l 

min imum.  

a t t h e m a x i m u m a n d  ~ = 1 / ( 1  , ~ - - - -  

When Kt0~a  T, ~ =0, and Kt0>>GoN0bl2, then 

eaia (1 + So + s2) ( ao ---~p)Kt~ 

fz = 0 %  
iV sou t (1 -[- ~2) a~ 

• (ho. ~ yields an es t ima te  of 0- l at the 
~2 O't3 / 

(19) 

_ [l [ml( 1 --.O.l)-~- m~(~  + f22)]-t. 
~Z[f>r l -  - f -  (20) 

7. Express ions  (17) and (19) fo r  fl have been der ived f r o m  the condition of a s teady t h e r m a l  s tate  (r--* ~o), 
while express ions  (18) and (20) for  r l  have been der ived  for  the case  of emi s s ion  cutoff still  during the initial  
s tage of heating where  the ~2(r) function is near ly  l inea r .  In a s t r i c t  sense ,  the conditions a s sumed  for  der iving 
the express ions  (8)-(11) and (13)-(15) for  d0 and fi0 r a r e l y  p reva i l  in p r ac t i ce  but a re  mos t  often approached with 
some approximat ion.  Each of express ions  (8)-(11), when inse r ted  cor respondingly  into expres s ions  (17), (18), 
and also (19), (20) r e p r e s e n t s  a dependence on one of the main f ac to r s  influencing emiss ion .  This  makes  it p o s -  
s ible  to es t imate ,  specif ical ly ,  the mos t  influential f ac to r  as well  as the t e m p e r a t u r e  ~0 of emi s s ion  cutoff and 
the l imit ing magnitude fi0 of the t h e r m a l  deformat ion  wedge.  When p roceed ing  to calcula te  fl and r I , one mus t  
take into account the t e m p e r a t u r e  dependence of ~ij  and W, the i r  t e m p e r a t u r e  dependence de te rmin ing  the 
in te r re la t ion  between fl and r I. 

The expres s ions  obtained he re  can be used not only for  a quali tat ive analys is  of the dependence of the 
l a s e r  emi s s ion  c h a r a c t e r i s t i c s  on the t h e r m a l  l a s e r  p a r a m e t e r s  but also for  quanti tat ive calculat ions.  F o r  in-  
s tance,  the l imit ing pulse  repet i t ion ra te  for  two act ive media  (glass and garnet  act ivated with neodymium) 
under the condition that the energy  of a pulse in the s teady s tate  be half  its initial  ene rgy  is found to be 0.3 Hz 

20 3 20 2 2 1 1 1 1 6 (No=2.10  c m - ,  Go=3 .6"10-  c m , r L = 2 8 0 p s e c ,  a o = 0 . 4 5 . 1 0 -  J -  . c m - ,  m = 2 . 2  J -  " s ee -  , W / X = 6 " 1 0 -  
1 20 3 20 2 2 1 1 W- -m, ~ =0) and 1.5 Hz (No=1.3"10 c m - ' ,  G o = 7 7 . 1 0 -  c m ,  ~'L=250 psec ,  a o = 3 . 8 " 1 0 -  J -  . c m -  , m = 1 . 5  

j - 1 .  sec-1, W/)~ =10 -6 W -1 .m,  ~ =0.01 K-l) .  The exper imen ta l ly  de te rmined  values  w e r e  0.5 and 2 Hz, r e -  
spect ively .  The o ther  l a s e r  p a r a m e t e r s  used for  expe r imen ta l  de te rmina t ion  and for  calculat ion were :  2R = 5 
mm,  E =9 m m ,  L = 50 mm,  ~41 = 0.5, u 2 = 0.06, u3 = 0.25 [4-7], Wp =2Kto/ao, ff12 =0.027 W .  K -1, ffla =0.07 W" K -1, 
~23 = 0.024 W .K -1, %e =0.1 W .K -z, 71 =2, and OO~T/Ofi =1.5 "10 -a cm-1 /ang ,  see.  

N O T A T I O N  

E, l a s e r  emis s ion  energy;  h, P lanck  constant;  v ,  f requency  of emi t ted  radiat ion;  G, c r o s s  sect ion for  a 
radia t ive  t ransi t ion;  V, volume of the act ive medium; r, ref lect ion coefficient  of the r e s o n a t o r  exit  m i r r o r ;  K0, 
gain in the act ive medium; n0, init ial  loss  in the resona to r ;  a T ,  r e sona to r  loss  due to wedgewise  t h e r m a l  de-  
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formation; ~(rad), magnitude of wedgewise the rma l  deformat ion of the active medium; $i = t i -  ta; ti, t e m p e r a -  
tu re  of the i - th  component; t a, ambient t empera tu re ;  C i, t he rma l  capacity of the i- th component; Pi, power of 
heat generat ion in the i - th  component; u i  = P i / P ;  P,  average e lec t r ic  power of the pump; ~ij ,  the rmal  con- 
ductance between components t and j; i, j =1, 2, 3 (1, pump lamp; 2, active medium; 3, luminaire);  % time; H, 
distance f rom the axis of the pump lamp to the axis of the active medium; 2R, d iamete r  of the active medium; 
L, length of the active medium; ~, t he rma l  conductivity of the mater ia l  of the active medium; W, thermoopt tcal  
constant; Up, spec t ra l  density of pumping radiation; Bp,  corresponding Einstein coefficient; Aij , probabi l i ty  
of radiat ive t ransi t ion f rom level i to level  j; dij, probabi l i ty  of nonradiat ive t ransi t ion f rom level i to level j; 
~? =~? 1~? 2; ~ 1, quantum yield f rom pumping bands to metastable  level; 7? 2, quantum yield f rom the metastable  
level;  No, ac t iva tor  concentrat ion;  bij, Boltzmann coefficient  fo r  level  j re la t ive  to level  i [8]; Wp, pumping 
energy; ~'L' t ime constant of luminescence  extinction; AEij,  energy  gap between levels i and j; k, Boltzmann 
constant; b, an empir ica l  coefficient  accounting for  the s ta t is t ical  sum of Stark components [8]; T O =300~ and 
f, radiat ion pulse  repeti t ion ra te .  

LITERATURE CITED 

i. A.A. Mak, Yu. A. Anan'ev, and B. A. Ermakov, "Solld-state lasers," Usp. Fiz. Nauk, 92, No. 3, 373-426 
(1967), 

2. B.I.  Stepanov, Methods of Laser Design [in Russian], Nauka i Tekhnika, Minsk, Vol. I (1966); Vol. 2 
(1968). 

3. B.A. Ermakov and A. V. Lukin, "Energy parameters and thermal state of periodlc-duty ruby laser," 
Zh. Tekh. Fiz., 40, No. 7, 1418-1423 (1970). 

4. I .F .  Balashov, B. G. Berezln, S. F. Davydov, V.S. Kondrat'ev, and S. I. Khankov, "Temperature field in 
active medium of solid-state laser operating in the periodic mode without forced cooling," Ivz. Vyssh. 
Uehebn. Zaved., Priborostr., 21, No. 1, 97-101 (1978). 

5. I .F .  Balashov, B. G. Berezin, V. S. Kondrat'ev, and S. I. Khankov, "Thermal deformation of active me- 
dium of periodic-duty laser without forced cooling," Izv. Vyssh. Uehebn. Zaved., Priborostr., 21, No. 2, 
122-126 (1978). 

6. G.N. Dul'nev and S. I. Khankov, "Thermal state of optical components of lumlnaire system of solid- 
state laser with natural cooling," Inzh.-Fiz. Zh., 41, No. 2, 295-301 (1981). 

7. G.N. Dul'nev and S. I. Khankov, "Thermal deformation of active medium of solid-state laser with natural 
cooling," Inzh.-Fiz. Zh., 42, No. 1, 85-91 (1982). 

8. A.A. Kaminskii, Laser Crystals [in Russian], Nauka, Moscow (1975). 
9. A.P. Prlshivalko and E. K. Kopanik, "Dependence of emission parameters on adjustment of resonator 

mirrors," Dokl. Akad. Nauk BSSR, 9, No. i0, 654-658 (1965). 
I0. M.P. Vanyukov, V. I. Isaenko, V. P. Kalinin, and V. V. Lyubimov, "Dependence of losses in Fabry- 

Perot resonator on mlsalignment of its mirrors," Opt. Spektrosk., 19, No. 2, 286-287 (1965). 

219 


